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Abstract

In the context of communicating svstems of autonomous processes, we study
two kinds of processes - a two-way fair merge. that interleaves two possibly
infinite sequences into one. and a multiway fair merge. that interleaves more
than two possibly infinite sequences into one. We describe two constructions.
The first one shows how the effect of any arbitrary number of two-way fair
merges in a finite network can be exactly obtained by a single multiway fair
merge and some determinate processes. The second one shows how the effect of
a single multiway fair merge with any number of input channels can be exactly
obtained by a finite network of two-way fair merges.

1 Introduction

The study of indeterminate computing systems is motivated by seeking to under-
stand the theory underlying what is commonly called “systems” programming. A
feature that is commonly used in such programs is the “time-out,” and a primitive
that is usually used to model this phenomenon is fair merge.

QOur study is carried out in the setting of dataflow networks. A dataflow net-
work is a directed graph with autonomous computing agents at all the nodes, such
that communication in the network takes place by message tranmission along the

direction of an arc. Each arc behaves like a unidirectional queue of unbounded
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size. a.-J_.ld message transmission takes place in a FIFO (first in first out) manner
with an unbounded but finite delay. There may be additional arcs directed into
the network or directed out of the network. These are called input arcs and outpui
arcs respectively. Tle environment can communicate messages along the input arcs
to computing agents in the network as well as receive messages along the output
arcs from computing agents in the network. The mode of communication along any
arc will be asynchronous ~ the sender of a message and its receiver do not have o
synchronize for a message transmission. We will also refer to the arcs of a dataflow
network as channels. The interconnection structure of the nodes is fixed throughourt
execution.

A two-way fair merge primitive has two input channels and one output channel.
It reads two sequences of values. one on each input channel. and outputs an inte:-
leaving of them. The primitive is guaranteed to read and output both the input
sequences of values entirely. A multiway fair merge primitive behaves similarily.
except that it has more than two input channels. and it reads sequences of values.
one on each input channel. and outputs an interleaving of all these sequences. In
this paper. we will show that in any dataflow network. we can get the effect of many
two-way fair merges by a single multiway fair merge process. The number of input
channels of this multiway fair merge will depend on the number of two-way merges
in the network. We will also show that the effect of a single multiway fair merge

with any number of input channels can be obtained by many two-way fair merges.

2 Trace set semantics of processes

An operational semantics for dataflow processes and networks has been described
by Stark [6]. When used to describe determinate processes, Lynch and Stark showed
how this semantics satisfies Kahn’s Principle [1,2], which is now universally accepted
as a good criterion for the appropriateness of an operational semantics. The trace
set semantics arises as an abstraction of this operational semantics. The details of
how this abstraction is made may be found in [3.5]. We will describe here the trace
set semantics without going into the operational details, but the reader should bear
in mind that the operational details underly all the facts and theorems that we
claim for traces.

Each process has a set of input channels along which it can receive values. and

a set of output channels. along which it can send values. The set of input channels
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and the set of output channels will be disjoint. We assume that the values that can
he communicated are from a fixed set 17, that include at least the natural numbers.

TWe will use the notation V"= for the set of all finite and infinite sequences of values
from V. '

Definition 1. An event of a process with a set of input channels I and a set of
output channels O is a pair (p.v) such that p is a channelin [ or O, and v is a value
in 1. If pis in I. then the event is called an input event.and if pisin O. then the
event is called an output event.

For any pair r = (p.v). we will refer to the value component v by value(r). For
any sequence s = e;.¢€y.... of events. we will also refer to the sequepce value(e: ).
palueley). ... of value components of events in s by value(s).

TWe will denote a process by a set of sequences of its events. For this paper. we
will assume that a particular set that denotes a process also defines the process.
We will call this the trace set of the process. and we will represent the trace set oI

a process P by Trset( P).

Definition 2. A trace of a process is a finite or infinite sequence of events of the

process. such that this sequence is in the set of sequences defining the process.

If C is a subset of the set of input and output channels of a process and t is a trace
of the process. then we will use the notation Il¢(t) to represent the subsequence
of # consisting of the events at channels in C. If p is a particular input or outpur
channel of the process. then we will use the notation II,(t) instead of (py(2).

Finite networks of processes may be built using two operations - aggregation
and feedback. Aggregation involves keeping two networks with disjoint sets of chan-
nels “side by side.” thus giving us a network with two subnetworks with disjoint
sets of channels. Feedback involves identifving an output channel o and an input
channel i of a network to obtain a new network with one fewer input channel and
one fewer output channel — the identified channels get “hidden” from the external
environment. We will make a stipulation here that the channels ¢ and o being iden-
tified not be channels of the same process. This does not restrict us in any way.
because we can always get the effect of connecting channels of the same process by
connecting o to the input channel of an identity process, that simply reads all values
on its input channel and outputs all of them, and connecting the output channel of
the identity process to i.



The trace set semantics is compositional. and the following fact states how the
trace set of a network may be described in terms of the traces of the individual
processes in the network. This follows as a theorem from the operational details {3.

5]. but we may take it as the definition for trace sets of networks here.

Fact 1. The trace set of a network .\ with input channels [ and output channels

O is the set of sequences t in ((J U O) x V7)> such that there is a sequence ' such
that

] H{Uo(f’) = t, and

o for every process P in the network with input and output channels C, II¢{#)

is a trace of P.

We can now prove that trace set equality is a congruence with respect to all
well-defined network contexts. Informally. a network context is a network with a
hole in it. with the hole being associated with two disjoint sets of ports I and O
and it is legal to substitute a network into the hole if the network has I as its sez

of input ports. and O as its set of output ports. In fact.

Theorem 1. For any network context C[ ], if .V} and .V, are two networks with the
same set of input channels. the same set of output channels. and the same trace set.
and if the networks C[.V1] and C[\,] are well-defined. then C[.V;] and C[V;] have the

same trace set.

Proof : Consider C[.Vi] to be a network composed of the following subnetworks :
V. and the rest of the network context, call it V.. Suppose t is a trace of C[.Vy].
Then. by Fact 1. there is a sequence t’ of events on the input and output ports of
the subnetworks. such that the restriction of # to any subnetwork is a trace of that
subnetwork. and the restriction of ¢ to the input and output ports of the whole
network is exactly t. Since }V; and .V, have the same set of traces by assumption.
and we can consider C[V3] to be composed of N; and V., just as we did for C[V,].
# is also a sequence of events on the input and output ports of these subnetworks,
such that the restriction to every subnetwork is a trace of that subnetwork. Then.
using Fact 1 once more. we conclude that the restriction of t’ to the input and
output ports of C[N;] is a trace of C[:V,]. But this restriction is exactly ¢. Therefore

tis a trace of C[:V,]. Hence every trace of C[.V}] is a trace of C[V;]. and vice-versa.



3 Fair Merges

TWe use a description of fair merge. similar to the one used in [4], that says that
one must be able to split the output sequence into disjoint subsequences. such that
these suhsequences are exactly the input sequences. ‘

To describe the traces of the fair mierges. we will first need some notation. We
will use #7i] to denote the ith element in a sequence t. If 5 is a finite or infinite
sequence. and i is less than or equal to the length of . then we will refer to the
ith element of the sequence s by s{i. Let . represent the set of all non-negative
integers. and —_ represent the set of all positive integers. If f is a function from

o toaset S.a€ S and s is a sequence. rhen let IIf(s) be the subsequence of s

consisting of all the elements s ;.7 < length(s) such that fii) = a.

We describe the trace set of a multiway fair merge process : If F is a multiwey
fair merge process with input channels /1....im and output channel o. then the
trace set of F consists of all sequences t in ({i;....{m.0} X V7)™ such that there is

a function f: -+ — {1....m} such that
o for 1 <5 <m. -ual%ne{ﬂg{ﬂo(t))) = value(II;; (t)). and

o for every prefix s of ¢t. and for 1 < j < m, va[-ue(ﬂf(ﬂo(s))) is a prefix of
value(I; ().

The description of a two-way fair merge follows from the above when k = 2.

Lemma 1. ¢ is a trace of an m-way fair merge with input channels iy,...2, and
output channel o iff II,(t) can be broken up into m subsequences s;, such that
value(s;) = value(Il;;(t)). and for every k > 0. the event s;[k] is preceded by the
event I (¢)[k] in t.

Proof : If tis a trace of m-way fair merge, then let f be the function associated with
# as in the definition of multiway fair merge. Then we define the jth subsequence s;
of TL,(t) as the subsequence of events IL,t(i] such that f{i) = . Since the range of
fis {1....m}. we obtain m subsequences si....Sm. To prove that s;[k] is preceded
by the event II; (¢)[*] in t, let s;[k] be the Ith event in t. Then, by the property
of multiway fair merge. val-ue(ﬂf(ﬂo(t[l..l]))) is a prefix of value(II; ([1..1])). Since
s,[k] is the last event in #[L..I]. this means that II;;(¢)[k] must precede it in #[1..0]
and hence in ¢.

(41}



Figure 1: The network Ny

Now if # is a sequence of events on the channels of m-way fair merge. satisfying
the conditions in the statement of the lemma. then we prove that t is a trace of m-
way fair merge. To do this. we need to define an appropriate f from — to {1....m}.
If the ith event in II,(#) is in 5,. then we define f(i) = j. Since every event of II,(7)
is in one of the subseq{lences S1eend s,. we obtain a well-defined function. Then
‘r,rc.',i't;ue(ﬂj-= (I.(%))) = value(s;) from which it follows that f satisfles the conditions in

the definition of multiway fair merge.

4 Simulation of many two-way fair merges by a

single multiway fair merge

In this section. we will describe the main result — namely, that the effect of any
number of two-way fair merges in a finite network can be obtained by “replacing™ the
two-way fair merges by a network containing only a single multiway fair merge and
determinate processes. We will formally describe what we mean by “replacement.”

Let V¥ be a finite network containing k two-way fair merges. Let the input
channels of the jth merge process be i3;_; and #,; and let the output channel be o;,
for 1 < j < k. We will assume that all the channel names in {i,...%5.01,... 0k}
are distinct. We will consider the case when they are not distinct later.

Let N, be the subnetwork of IV consisting of the k two-way merge processes, and
with the set of input channels {i....iz} and the set of output channels {o1,...0k}.

We will now describe a network N, containing determinate processes and one mul-



tiway fair merge process with 2k input channels such that N, and NV, have the
same sets of traces. The intuition hehind N, is that we will first “tag” the values
on every channel {,....iy} by appropriate identifiers that can identify which pairs
of sequences are to be merged. and then we will use a 2k-way fair merge process to
merge these 2k tagged sequences. Finally. a determinate process will examine the
tags of the elements of the merged sequence and then direct the elements to the
appropriate channel among {o;.. ..o} after stripping the tags off.

If s is a sequence ty.t;..... and n is an integer. then we will use the notation
{n} x s to represent the sequénce (n.vy).(n.vz)..... We will also use the notation
I1,{s) for the subhsequence of s consisting of the events with value of the form (j. v ).

The network .\, consists of the following processes :

o a multiway fair merge process with input channels 7}....#}, and output ckan-
nel o. and this set of channel names is disjoint from the channel names in
N,

o 2k “tag” proresses tag-l.... tag-2k. where the process tag-j. 1 < j < 2k
has one input channel /; and one output channel /. and the trace set of this
process consists of all sequences t in ({i;.?}} x V)™ such that value(Il: (1)) =
{tj +1) div 2}x-tla{jzze(ﬂgj(f)). and for every prefix s of ¢, value{H;;(s)) is a
prefix of {(j + 1) div 2} xvalue(I;;(s)).

e a process split with input channel o and output channels o;,... 0, and the
trace set of this process consists of all the sequences ¢ in ({0,01,...0¢} X V1)*
such that for 1 < j < k. {j}xvalue(T,;(t)) = value(II;{I,(t))). and for every
prefix s of ¢, {j}anlua(ng(s)) is a prefix of value(I;(II,(s))).

The network N, has input channels iy,... iy and output channels o,... 0. Let
this set of input and output channels be called C. Let us also call the set of channels
{il... 1.0} U C, which are all the channels in the processes described above. C".
We will now prove that V; and N, have the same trace sets. First, let us describe

the trace sets of V; and V,, in terms of its component processes.

Lemma 2. Trset(:\,) consists of all possible interleavings of k sequences, such that

the jth sequence is a trace of the jth two-way merge in the network.

Proof : Straightforward by fact 1.
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Lemma 3. Trset(.N,,) consists of all sequences # in (C x 7)™ such that there is a
sequence ¢’ in (C' x ¥)* with

(1) Oty =1t
(i1) for 1 < j <24k, H{,-J._,-:;}(z"‘,‘ is a trace of tag-j.
(111) H(ii----fék-o}“!) is a trace of the multiway fair merge in V.. and

(iv) Ifo.o,...00}(t') 1s @ trace of split.
Proof : Follows from fact 1.
Theorem 2. Trset(N;) = Trsedi Np).

Proof : Let # be a trace of Na. For every event (7,.v) in ¢, we introduce a new
event (i%.((J +1) div 2.v)) immediately after (7,.v). and we introduce a new evex:
(0.(j.v)) immediately before {o,.r). Let the sequence thus obtained be called :".
We claim that ' satisfies the conditions of Lemma 3. and hence ¢ = II¢(¢') is a trace
of N.,. }

Conditions (i).(ii) and (iv) of Lemma 3 clearly follow by the construction of ¢’
from t. We now prove condition (iii) of lemma 3. # = (s iz o}(1') is a trace of a
2k-way fair merge.

From the definition of split. it follows that II,(¢') can be broken up into &
subsequences t;. ..t such that t; = value(IL;(IL,(t")) = {j} x value(IL,;(1")). By
lemma 1. IL,(#') can be broken up into subsequences s;_; and s3; such that
value(shy;_,) = value(Il;,;_, (t')).and value(sy;) = -ualue(II;zj_(t’)). Therefore t; can
also be broken up into two subsequences s;j_; and sqj, such that value(ss;-1) =
{j} xvalue(sh;_;), which is equal to {j}xvalue(Ily,;_(t')) = value(Il; _ (#')), and
also value(sq;) is equal to {j}xwvalue(sy;) = {j}xvalue(l;,;(t')) = value(Hiéj(t’).).
The other condition on prefixes of ¢ follows similarily. Therefore, from the subse-
quences t;....t;. we obtain 2k subsequences s;....sy, satisfying the appropriate
conditions. _

Now. let ¢ be a trace of V.. and we would like to prove that ¢ is a trace of
N;. By Lemma 3. there is a sequence t' € (C' x V)™ satisfying the conditions of
the lemma. Then II,(#') can be broken up into 2k subsequences sy, ... 5y satisfying
(t')). and value(s,;) = -ualue(ﬂ;;j(t’)). Since all the events
in s;_; and sy; have values of the form (j.v) and no other events in II,(¢') have

value(szj_1) = 'Ual'lLC(H.‘_',j_l
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values~of this form. we can. by the definition of split. break up II, (¢') into two sub-

sequences t,;_; and tyj, such that {j}xwalue(tz;_1) = value(sz;_,) = -value(l’lyﬁ(r”))

= {j}xvalue(Il,,_ (#')). Therefore ralue(ts,_1) = value(Il;,._ (t')). and similarily.

value(ts;) = value(IL,, (1)) The other condition on prefixes of ¢ follows similarily.
1

and so t can be broken up inte & traces of & two-way fair merges. and hence is a

trace of V..

Theorem 3. For any finite network N containing & two-way fair merge processes
and determinate processes. there is a finite network with the same trace set con-

taining only determinate processes and a single multiway fair merge process.

.

Proof : Let \ be a finite network containing k two-way fair merges. Some of th=

(ht]

inpnt channels of the merges mzy also be output channels of the merges. Let th

input channels of the jth merz= process be iy;_ and iy;. possibly renaming t>
input channels to be distinct fzom any of the output channels of the merges. aad
let the output channel he o,. for 1 < j < k. Let .N; be the network consisting
of these k merges. Then. by previous theorem, there is a finite network N, with
input channels ¢;....¢x% and output channels o0;.... 0t and with the same trace set
as Va and containing only determinate processes and a single multiway fair merge
process. Now. if some of the input channels of the two-way merges are also output
channels of the merges in V. then let us form the appropriate feedback loops in
both N, and in &V, to obtain the netsworks N} and N/, respoctively. We can define
the context C[ ] to be the network NV with the two-way fair merge processes removed
from the network. so that if V) constitutes the subnetwork of IV consisting of the
merge processes. then C[.V;] is V. By the compositionality of trace set semantics
(Fact 1). Trset(C[N4]) = Trset{C[N.]). and therefore C[V] ] is the finite network as
desired.

5 Simulation of a multiway fair merge by many

two-way fair merge processes

A multiway fair merge with k input channels can be simulated by a network of k-1
two-way fair merges.
TWe use induction on the number j of input channels to describe the construction

and prove that it works. Let 2V} represent the network of two-way fair merges that



Figure 2: Simulating a four-way fair merge

Figure 3: Constructing a k-way fair merge from a (k — 1)-way fair merge

10



is supposed to simulate a multiway fair merge with j input channels 4;....2; and
one output channel o;. We define V3 to simply be a two-way fair merge with input
channels i;. 7> and output channel 05. Once we have defined N _;. Vi s defined (se=
Figure 3) as the network containing V- as a subnetwork. together with a two-way

fair merge process with input channels oy and i and output channel ok.

Theorem 4. Trset(N;) is the trace set of a multiway fair merge M with the sams

input and ourput channels as V.

Proof : This is obvious for j = 2. Suppose we have proved the statement Ior
j = k—=1. Let t be a trace of M. For every input event (z.v) for | < k. we
introduce a new event (og_;.v) immediately after it. We can break IT, (#') into &
subsequences 3. ... 5. such that velue(s) = value(IL;, (#")). By construction of .
there 1s a bijeétion between events on i;....Ilx—; and events on op_q. and so we caz
break I, _, (') into k — 1 subsequences t....tk_y satisfying the requirements for
k—1-way fair merge. Then the subsequence s;_, of I, (') consisting of all the evexzts
in s,....3k_ has the same value sequence as I, _, (t'). It is also clear by construction
that every event of s,_, is preceded by the corresponding event ¢ in I, _ (t'), since
it is preceded by the corresponding event ¢’ in one of II; (¢).... I;,_ (¢/), and ¢. ¢
are adjacent by construction. Therefore the conditions of Fact 1 are satisfled. azd
t is a trace of Nj.

Let t be a trace of Ni. Then, by Fact 1. there is a sequence t' of events on the
channels of Vi_; and the two-way fair merge, such that its projection to Ny_; is 2
trace of Vi_; and its projection to the two-way fair merge is a trace of that process.
Therefore, we can break up II,, (t") into two subseqﬁences si_; and sg such that
the value sequence in sx is the same as that in II;,(#), and the value sequence in
sf,_, is the same as that in II,,_, (¢'), which can be divided into k — 1 subsequences
according to the definition of k-way fair merge. Therefore s;_; can be broken up
into k — 1 subsequences s,...sk_1 exactly as I, _ (') was. Then it follows that

the k subsequences s;....s¢ of I, (¢') = I, () satisfy the requirements for ¢ to be
a trace of k-way fair merge M. :

6 Conclusions

In this paper. we have shown that in the context of static dataflow networks. the

power of many two-way fair merges can be obtained by a single multiway fair merge.

11



and vice-versa. This clarifies the expressiveness situation between fair merges with

two input channels and fair merges with more than two input channels.
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